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Abstract 

In the Vershik-Okounkov approach to the complex irreducible representations 
of Sn and G ^ Sn we parametrize the irreducible representations and their bases 
by spectral objects rather than combinatorial objects and then, at the end, give a 
bijection between the spectral and combinatorial objects. The fundamental ideas are 
similar in both cases but there are additional technicalities involved in the G ^ Sn 
case. This was carried out by Pushkarev. 

The present work gives a fully detailed exposition of Pushkarev’s theory. For the 
most part we follow the original but our definition of a Gelfand-Tsetlin subspace, 
based on a multiplicity free chain of subgroups, is slightly different and leads to a 
more natural development of the theory. We also work out in detail an example, 
the generalized Johnson scheme, from this viewpoint. 


1 Introduction 

Let G be a finite group. The symmetric group Sn acts on = G x ■ ■ ■ x G {n factors) 
by permuting the coordinates and this action dehnes the semidirect product G” xi Sn of 
G" by Sn- The group G"" x Sn is called the wreath product of G by Sn and is denoted 
G ^ Sn (our notation follows E). Wg set Gn — G ~ Sn- The GlGmGnts of Gn tliG set 
of all (n + l)-tuples {gi,, Qn, tt), where tt G Sn-, and Qi ^ G for all i. The multiplication 
rule and inverse of an element in Gn are given by 

(5^15 • • • 7 Qri ', tt) (/^i, . . . , hn'j ( 1 ) 5 • • • 5 (n) 5 , 

{gi,...,gn,r)-^ = ..., 

The complex representation theory of G„ is a classical and well studied topic. Among 
the many sources we mention James and Kerber Macdonald E. and the recent book 
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of Ceccherini-Silberstein, Scarabotti, and Tolli [3]. The basic problem can be stated as 
follows. 

Let V denote the set of all partitions (there is a unique partition of zero with zero 
parts) and let Vn denote the set of all partitions of n. For a finite set X, we define 

P{X) = {^L\^:X-iP}. 

For fi € P(.'f), define ||/j|| = \fi{x)\, where |/i(x)| is the sum of the parts of the 

partition ^{x) and define 

Vn^X)^{^L€P(X)\M^n}. 

Let G* denote the set of conjugacy classes in G. The conjugacy classes of G„ are 
parametrized by Vn{G^) ([SI, 0 13) • 

Let y denote the set of all Young diagrams (there is a unique Young diagram with 
zero boxes) and denote the set of all Young diagrams with n boxes. For a finite set 
X, we dehne 

3^(x) = {^i\^I■.x^y}. 

For fi G y{X), define ||/i|| = Yhx&x lh'(^)lf where |/i(x)| is the number of boxes of the 
Young diagram /i(a:) and define 

y„{x) = {fi e y{x) I Iifiii = n}. 

Denote by the (finite) set of equivalence classes of finite dimensional complex 
irreducible representations of G. Given a G G^, we denote by the corresponding 
irreducible G-module. Elements of ^(G^) are called Young G-diagrams and elements of 
3^n(G^) are called Young G-diagrams with n boxes. Given fi G 3^(G^) and a G G^, we 
denote by /i a the set of all Young G-diagrams obtained from fi by removing one of the 
inner corners in the Young diagram fi{o'). 

Let fi E y. A Young tableau of shape fi is obtained by taking the Young diagram fi 
and filling its \fi\ boxes (bijectively) with the numbers 1,2,..., |p|. A Young tableau is 
said to be standard if the numbers in the boxes strictly increase along each row and each 
column of the Young diagram of fi. Let tab(n, /i), where fi G 3^^, denote the set of all 
standard Young tableaux of shape fi and let tab(n) = fi). 

Let fi G 3^(G^). A Young G-tableau of shape fi is obtained by taking the Young 
G-diagram fi and filling its ||/i|| boxes (bijectively) with the numbers 1, 2,..., ||/i||. A 
Young G-tableau is said to be standard if the numbers in the boxes strictly increase 
along each row and each column of all Young diagrams occuring in fi. Let tabcin, fi), 
where fi G A’n(G^), denote the set of all standard Young G-tableaux of shape fi and let 
tabG(n) = U^gy„(GA)tabG(n,/i). 

Let T G tabG(n.) and z G {1,..., n}. If z appears in the Young diagram fi{a), where fi 
is the shape of T and a G G^, we write rr(z) = a. 
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The complex irreducible representations of are parametrized by 3^n(G^) and the 
basic problem of the representation theory of Gn is to explain this correspondence between 
irreducible representations of Gn and elements of yn{G^). This is done in jT] using 
symmetric functions and the characteristic map and in mm using Clifford theory and 
the little group method. 

In [9] Pushkarev, building on the Vershik-Okounkov approach in the Sn case | |13L I14L 
[2], gave a spectral explanation for this correspondence, namely, an internal analysis of 
the irreducible representations of Gn yields spectral objects parametrizing the irreducible 
representations and then a bijection is given between these spectral objects and 3^n(G^)- 
This approach is inductive in nature and has the following advantages: 

(a) The group Gn can be identified with the subgroup 

, gn,e,7i) \ 71 E Sn+i with 7i{n + 1) = n + 1 and Qi E G, 1 < i < n} 
of Gn+i (e = identity element of G) and we have an inhnite chain of finite groups 


Gi C Ga C ... . 


As a natural byproduct of the theory we get the branching rule from Gn+i to Gn- denote 
the irreducible Gn+i-module corresponding to p G 3^n+i(G^) by V^. Then we have G„- 
module isomorphisms 


= ©^eGAdim(C") • 

(b) Another natural byproduct of the theory yields a parametrization of the bases of 
irreducible G„-modules using standard Young G-tableaux and bases of irreducible G”- 
modules. More precisely, for /i G we have a canonical direct sum decomposition 

of into subspaces, called Gelfand-Tsetlin subspaces, 

where each Vt is closed under the action of G” = G x • ■ • x G {n factors) and, as a 
G”-module, is isomorphic to the irreducible G’^-module 

0 . . . (g, YrT(n)_ 


The present work gives a fully detailed exposition of Pushkarev’s theory. Our develop¬ 
ment, based on a multiplicity free chain of subgroups, is slightly different from the original 
and is along the following lines. 

For g E G and 1 < z < n we denote by the element (e,..., e, (7, e,..., e, 1) G Gn, 
where g is in the Ah spot, e denotes the identity element of G, and 1 denotes the identity 
element of Sn- Denote by G*^*^ the subgroup {g^^^g E G} of G„. Note that G^^\ ..., G^"^ 
commute. We may also think of Sn as the subgroup {(e,..., e, 7 r)|7r G Sn}- We write 
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the element (e,..., e, tt) as vr. We may thus write an element {gi,... ,gn,7i) G Gn as 

(1) (n) (■7r“l(l)) (■7r“l(n)) (1) (n) 

g\ G . . g^n = 7igl ^ ” ...gn ^ = 77gl(^^ . . . g),(;^y 

For n > 1, set = Gn and consider the following chain of subgroups 


Hl^n ^ H2^n ^ ^ hfjj fj, 


( 1 ) 


where, for 1 < i < n, 

Hi,n = {(s'!, . . . , 5'n, tt) G I 7l{j) = j ioT i + 1 < j < u}. 

Note that Hi n is isomorphic to G^. The following are the main steps in the representation 
theory of Gn. 

(i) A direct argument shows that branching from Hi n to Hi_i n is simple, i.e., multiplicity 
free. 

(ii) Consider an irreducible ifm,n-Kiodule V. Since the branching is simple the decom¬ 
position of V into irreducible hfm-i,n-niodules is canonical. Each of these modules, in 
turn, decompose canonically into irreducible hfm- 2 ,n-niodules. Iterating this construction 
we get a canonical decomposition of V into irreducible = i^i^n-modules, called the 
Gelfand-Tsetlin decomposition (GZ-decomposition) of V. The irreducible G"'-modules in 
this decomposition are called the Gelfand-Tsetlin subspaces (GZ-subspaces) of V. 

(in) Let Z^^n denote the center of the group algebra C[iLm,n]- The Gelfand-Tsetlin algebra 
(GZ-algebra), denoted GZm,n, is defined to be the (commutative) subalgebra of C[Hm,n] 
generated by Zi^n U Z 2 ,n U • • • U Zm,n. It is shown that GZm,n consists of all elements in 
C[Trm,n] that act by scalars on the GZ-subspaces in every irreducible representation of 
Hm n. It follows that if we have a finite generating set for GZm,n then the GZ-subspaces 
are determined by the eigenvalues on this generating set. 

(iv) Following Pushkarev, for i = l,2,...,n, we dehne the (generalized) YJM elements 

Xr,X2,...,XnOiC[Hn,n]- 

k=l g&G 

Note that Xi = 0. For an algebra A, let Z[A] denote the center of A. It is shown that 
GZ^,„ = (Z[C[G-]], Xi, X 2 ,..., XJ. 

(v) By a GZ-subspace of Gn we mean a GZ-subspace in some irreducible representation 
of Gn. Let VF be a GZ-subspace of G„. Then W is an irreducible G"-module and hence 
is isomorphic to (8) • • • (8) where pi G G^, for all i. We call p = (pi,..., pn) the 
label of the GZ-subspace W. 

It follows from steps (hi) and (iv) above that a GZ-subspace W of G„ is uniquely 
determined by its label and the eigenvalues of W,..., on W. To a GZ-subspace W 
we associate the tuple 

a{W) = (p, 01,02, ... ,On), 
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where p is the label of W and Qi = eigenvalue of Xi on W. We call a{W) the weight of 
the GZ-subspace W. Dehne 

specQ^n) = {a{W) : hh is a GZ-subspace of 
called the spectrum of 

We have dim GZ^^n = |speC(^(n)|. There is a natural equivalence relation ~ on 
specg(n): for a,/? G specQ{n), a ~ /3 iff the corresponding GZ-subspaces are in same 
G„-irreducible. Glearly, we have |specg(n)/ ~ | = |G^|. 

The representation theory of Gn is governed by the spectral object specg(n). 

(vi) In the hnal step we construct a bijection between speC( 3 (n) and tabG(n) such that 
tuples in specg(?7,) related by ~ go to standard Young G-tableaux of the same shape. This 
step is carried out inductively using an analysis of the following commutation relations 
that hold in G„ (where Sj = the Goxeter generator + 1)); 

(a) Yi,..., Xn commute. 

(b) = g^^^Xi, g e G,1 <i,l <n. 

(c) Sig^^'^Si = g E G,1 < i < n — 1. In particular, = 1. 

(d) l<i<n — !,!</< 

(e) SiXiSi + = Y^+i, 1 < i < n - 1. 

(f) SiXi = XiSi, l<i<n — !,!</< n, / 

We now give a brief synopsis of the paper. Section 2 collects some preliminaries on 
wreath products. Section 3 discusses Gelfand-Tsetlin subspaces, Gelfand-Tsetlin decom¬ 
positions, and Gelfand-Tsetlin algebras for an inductive chain of finite groups with simple 
branching. In Section 4 we first show that the chain ([1]) is multiplicity free and then 
show that the corresponding Gelfand-Tsetlin algebras are generated over Z[C[G”']] by the 
YJM elements, thereby dehning the weight of a GZ-subspace and the spectrum specg(n) 
of Gn- Section 5 describes, using the commutation relations (a)-(f) above, the action of 
the Goxeter generators on the Gelfand-Tsetlin subspaces in terms of transformations of 
weights. In Section 6, using the results of Section 5, we give a bijection between specg(n) 
and tabG(n) via the content vectors of standard Young G-tableaux. In Section 7 we study 
the simplest nontrivial example of the Vershik-Okounkov theory, the classical “Johnson 
schemes” and the “generalized Johnson schemes”. We consider multiplicity free Sn, Gn- 
actions and explicitly write down the GZ-vectors (in the Sn case) and the GZ-subspaces 
(in the G„ case) and also identify the irreducibles which occur. 

2 Preliminaries 

The positive integers are denoted P and the nonnegative integers are denoted N. 

We enumerate the conjugacy classes of G as G* = {Gi,...,Gi} and assume that 
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Cl = {e}. We say that G G is of type j ii g & Cj. Define an involution X : {1,..., t} 

{1,..., f} as follows: X(j) = j' if j' is the type of g~^, for g G Cj. 

Let h = {gi,... ,gn,7r) E Cn and let r = {ii,i 2 , ■ ■ ■, ik) be a fc-cycle in vr. The element 
9ik9ik-i''' 9ii £ G is called the cycle product of h corresponding to the cycle r of tt and 
its type is easily seen to be independent of the order in which the elements of r are listed. 
Thus we may dehne : G* ^ X by 

Ph{Ci) = Multiset of lengths of all cycles of vr whose cycle product lies in Gj, 1 < f < t. 

Clearly ph G Vn{CCj- We say that ph is the type of h G G„. 

Suppose two elements (pi,..., tt) and (/i,..., /„, r) are conjugate in G„. Then we 
have 

= (/i, r), (2) 

for some hi,..., G G and a G S'„. Thus r = cTTrcr”^ and r and tt are conjugate in S'„. 

We now want to consider the cycle products in (pi,..., vr) and (/i, r). For 

simplicity we shall write the element (pi,..., tt) as (..., p*,..., vr) (it being understood 
that gi is in the ith spot). We have 

(..., hi,..., a)(..., Pi,..., 7r)(..., ..., a"^) 

(. . . , higa~^(i)i • • • 1 ^^)(' • • ) . . . , O' ) 

— (. . . , hiPo—l(i)h^^_i^_l^^^, . . . , O'TTO' ) 

(..., hiPo—ipj,..., t) 


Let (ii,..., ik) be a cycle in vr. Then (o'(ii), • • •, o'(ifc)) is a cycle in r. We have, using the 
calculation above. 


fa{ik) 


^tj{ik)9ik ^cr{ik—p * 


( 3 ) 

( 4 ) 


Thus we have (using r ^(o'(ii)) = o'(4)) 


Ja(ik) Jo(ik-\) ■ ■ ■ /o-(ii) 

= {^cr{ik)9ik^a-{ik-i)')^^‘^i'-k-l)9ik-l^a{ik-2)'^ ' ' ' )hil ^cr(ifc)) 

= f^(7{ik)9ik ' ' ' 9hha(ik)' 

Thus the type of the cycle products pi^ ■ • - Pu and fa{ik) ‘ ‘ ‘ /o-(ii) ^be same. It follows 
that if two elements of G„ are conjugate then they have the same type. 
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Conversely, suppose that {gi ,..., vr), (/i ,..., fn,T) E Gn have the same type. Then 
we can easily write down a a G S'„ such that a7ia~^ = r and such that, for every cycle 
(ii,..., ik) of 71, the cycle products - and fa{i^) ■ ■ ■ fa(ii) have the same type. Now, 
using (jH), we can hnd hi,..., G G such that ([2]) holds. It follows that two elements of 
Gn are conjugate if and only if they have the same type. 

An element g = {gi,..., gn,7i) G G„ is said to be a nontrivial cycle of type j if (exactly) 
one of the following conditions hold: 

(i) All cycles of tt have length 1 (i.e., tt is the identity permutation) and, for some 
1 < i < n, gi = e for I ^ i, gi is of type j, and 2 < j <t. We say that {z} is the support 
of g. We say that 5 ^ is a nontrivial 1-cycle of type j. 

(ii) There is exactly one cycle, say (A,..., 4), in the cycle decomposition of tt of length 
> 2, the cycle product gi^ - ■ ■ gi^ is of type j, and gi = e, for I ^ {A, • • •, ik}- We say that 
{A, • • • Afc} is the support of g. Note that in this case there is no restriction on j, i.e., 
1 < j < f. We say that g is a. nontrivial k-cycle of type j. 

Just as in the Sn case every element of G„ can be written as a product of commuting 
nontrivial cycles with disjoint support. 

By a nontrivial part of a partition we mean a part > 2. For a partition p G P we 
denote by ffpi the sum of all the nontrivial parts (with multiplicity) of p. 

Let p G Vn{G^). By a part of p we mean a pair {k,j), where /c G P, j G {1,..., t}, and 
k is a part of p{Gj). We may specify p by giving its multiset of parts (for example, if k 
appears m times in p{Gj) then the part {k,j) appears m times in the multiset of parts). 
We say the part (fc, j) is nontrivial if {k,i) 7 ^ (1,1). We dehne 

t 

*p = + 

i =2 

i.e., ffp is the sum of the hrst components (with multiplicity) of all the nontrivial parts 
of p. 

For a permutation s E Sn 'we denote by i{s) the number of inversions in s. It is well 
known that s can be written as a product of £{s) Coxeter transpositions Sj = (h * +1), i = 
1, 2,..., n — 1 and that s cannot be written as a product of fewer Coxeter transpositions. 

All our algebras are hnite dimensional, over C, and have units. Subalgebras contain 
the unit, and algebra homomorphisms preserve units. Given elements or subalgebras 
Ai, A 2 ,An of an algebra A we denote by (Ai, A 2 ,..., A„) the subalgebra of A gener¬ 
ated by Ai U A 2 U • • • U An- 

If A is an algebra and p : A ^ End(l/) is a representation then we use several notations 
for the action of A on the elements of V. For a E A and v E V we set 

p{a){v) = a ■ V = av = a{v). 
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Similarly, for a G A and W <^V we set 

p{a){W) = a-W = aW = a(iy). 

3 Gelfand-Tsetlin subspaces, Gelfand-Tsetlin decomposition, 
and Gelfand-Tsetlin algebras 

The fundamental building blocks of the spectral approach to the representation theory of 
Sn and Gn are the concepts of Gelfand-Tsetlin subspaces (GZ-subspaces), Gelfand-Tsetlin 
decompositions (GZ-decompositions), and Gelfand-Tsetlin algebras (GZ-algebras), to¬ 
gether with a convenient set of generators for the GZ algebras, for an inductive chain 
of hnite groups with simple branching. We discuss this in the present and next sections. 

Let 


C F 2 C ... C (5) 

be an inductive chain of hnite groups. Note that we have not assumed that Fi is the 
trivial group with one element. We call Fi the base group. Dehne the following directed 
graph, called the branching multigraph or Bratelli diagram of this chain: its vertices are 
the elements of the set 

n 

(disjoint union) 

and two vertices p., A are joined by k directed edges from p to A whenever p G and 
A G Fl' for some i, and the multiplicity of p in the restriction of A to Fj_i is k. We say 
that Fh is level i of the branching multigraph. We write p A if there is an edge from 
p to A. 

For the rest of this section assume that the branching multigraph dehned above is 
actually a graph, i.e., the multiplicities of all restrictions are 0 or 1. We say that the 
branching or multiplicities are simple. 

Gonsider the Fh-module V^, where A G F^. Since the branching is simple, the decom¬ 
position 

u 

where the sum is over all p G F^_^ with p A, is canonical. Iterating this decomposition 
we obtain a canonical decomposition of into irreducible Fi-modules, i.e., 

= ( 6 ) 

where the sum is over all possible chains 


T 


Ai / A2 Z’ • • • /' A, 


(7) 


with Aj G and A„ = A. 

We call ([6]) the Gelfand-Tsetlin decomposition (GZ-decomposition) of and we call 
each Vt in (j6]) a Gelfand-Tsetlin subspace (GZ-subspace) of V^. By the definition of Vr, 
we have, for vt & Vr, 

C[Fi]-VT = i = l,2,...,n. 

Also note that chains in ([7]) are in bijection with directed paths in the branching graph 
from an element Ai of F^ to A. 

Fix a distinguished basis for each A G Ff. Considering the algebra isomorphism 

elf’ll = 0End(W). (8) 

given by 

: AgF„^), geF^, 

we can define three natural subalgebras of C[F„] based on the GZ-decomposition ([6]). 

Ao{n) = {a G C[Fn] : a acts by a scalar on each GZ-subspace of V^, for all A G Ff^}, 

A\{n) = {a G C[Fn] : a acts diagonally in the distinguished basis of each 

GZ-subspace of V^, for all A G Ff^}, 

A 2 {n) = {a G C[Fn\ : each GZ-subspace of is a invariant, for all A G Ff^}. 

Clearly, Ao{n) C Ai{n) C A 2 {n), Alo(l) = 2'[C[Fi]] and Al 2 (l) = C[Fi]. 

For each A G Ff^ and /i G Ff, let be the number of GZ-subspaces of isomorphic 
to V^, i.e., m\^ is the number of directed paths from /i to A in the branching graph. It is 
easily seen that Ai{n) is a maximal commutative subalgebra of C[F„] and that 


dim A^in) 

= Y. Y. 

(9) 


Agfa 


dim Ai{n) 

= Y Y 

(10) 


Agfa 


dim A 2 {n) 

= Y Y 

(11) 


Agfa 



We denote Z[C[Fj]] by Zi. 

Theorem 3.1 We have 

(i) Alo(n) = (Zi, ^2,..., Zn). 

(ii) Ai{n) = (A(l), Zi, ^ 2 ,..., Zn). 
(ni) A 2 {n) = {C[Fi], Zi, Z 2 ,..., Z„). 
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Proof (i) Consider the chain T from ([7]) above. For i = 1,2,... ,n, let p\^ G Zi denote 
the primitive central idempotent corresponding to the representation Aj G FA. Dehne 
Pt G (Zi, Z 2 ,..., Zn) by 

Pt =PXiP\2---PXn- 

A little reflection shows that the image of pr under the isomorphism ([ 8 ]) is (/^ : p G F^), 
where /^ = 0, if /i 7 ^ A and fx is the projection on Vt (with respect to the decomposition 
(]^ of V^). The result follows since the primitive central idempotents corresponding to 
the irreducible representations of a finite group form a basis of the center of the group 
algebra of the group. 

(ii) Note that C[Fi] commutes with Zi ,..., Z„. The result now follows from part (i) and 
the isomorphism ([H]) with n = 1. 

(hi) Similar to part (ii). □ 

We call Ao{n) the Gelfand-Tsetlin algebra (GZ-algebra) of the multiplicity free chain 
of groups (j5]) and denote it by GZn- Following we call A 2 {n) the generalized Gelfand- 
Tsetlin algebra. By a GZ-subspace of Fn we mean a GZ-subspace of some irreducible 
representation of Fn, A G Ff^. By a GZ-vector of Fn we mean a vector in some 
GZ-subspace of some irreducible representation of Fn, A G Ff^. As an immediate 
consequence of the theorem above we get the following result. 

Lemma 3.2 (i) Let v G V^, A G Ff^. If v is an eigenvector (for the action) of every 
element of GZn, then v belongs to some GZ-subspace ofV^. 

(ii) Let v,u be two GZ-vectors of Fn- If v and u have the same eigenvalues for every 
element of GZn, then v and u belong to the same GZ-subspace ofV^, for some A G Ff). 

In Section 4 we define a multiplicity free chain of subgroups of Gn and consider the 
corresponding GZ-algebras. 

4 Simplicity of branching and Young-Jucys-Murphy elements 

Let M be a complex finite dimensional semisimple algebra and let iV be a semisimple 
subalgebra. Define the relative commutant of this pair to be the subalgebra 

Z(M, N) = {m G M \ mn = nm for all n G N}, 

consisting of all elements of M that commute with N. 

The following result is well known. We include a proof for completeness. 

Theorem 4.1 Let M be a complex finite dimensional semisimple algebra and let N be 
a semisimple subalgebra. Then Z{M,N) is semisimple and the following conditions are 
eguivalent: 
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1. The restriction of any finite dimensional complex irreducible representation of M to 
N is multiplicity free. 

2. The relative commutant Z{M,N) is commutative. 


Proof By Wedderburn’s theorem we may assume, without loss of generality, that M = 
Ml©- • -©Mfc, where each Mj is a matrix algebra. We write elements of M as (rui,..., rnff), 
where m* G Mj. For i = l,...,/c, let W denote the image of N under the natural 
projection of M onto Mj. Being the homomorphic image of a semisimple algebra, W 
itself is semisimple. 

We have Z{M, N) = Z{Mi, Ni) © • • • © Z(Mfc, Nk). By the double centralizer theorem 
each Z{Mi,Ni), and thus Z{M,N), is semisimple. 

For z = 1,..., /c, let Vj denote the M-submodule consisting of all (mi,..., m^) G M 
with mj = 0 for j i and with all entries of m* not in the first column equal to zero. 
Note that Vi,..., 14 are all the distinct inequivalent irreducible M-modules and that the 
decomposition of Vj into irreducible iV-modules is identical to the decomposition of Vi 
into irreducible W-modules. 

It now follows from the double centralizer theorem that Vj is multiplicity free as a 
W-niodule, for all i if and only if all irreducible modules of Z{Mi,Ni) have dimension 1 , 
for all i if and only if Z{Mi, Ni) is abelian, for all i if and only if Z{M, N) is abelian. □ 

Dehne the following subalgebras of 


(i) For 2 < m < n, set Zm,m-l,n = Z[C[Hm,n],C[Hm-l,n]]- 

(ii) For 1 < m < n, set Zm,n = Z[C[H,n,n]]- 


In this section we show that the branching from Hjn,n to 2 < m < n is mul¬ 

tiplicity free and find a convenient set of generators, the Young-Jucys-Murphy elements, 
of the Gelfand-Tsetlin algebra of the chain of groups. 


( 12 ) 



over the center Zi^n of the group algebra of the base group Hi n = G". 

For z = 1,..., n — 1 and j = 1,..., t define the following elements of C[M„ ,i]: 



T 


where the sum is over all elements r G satisfying the following properties: r is a 
nontrivial z-cycle of type j and n does not belong to the nontrivial cycle. Note that 
Yi^i = 0 and that all other Yi^j are nonzero. We also set Wj = 0 for all 

For z = 1,...,rz and j = 1,... ,t dehne the following elements of 



T 
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where the sum is over all elements r G Hn^n satisfying the following properties: r is a 
nontrivial i-cycle of type j and n belongs to the nontrivial cycle. Note that = 0 and 
that all other Y- ■ are nonzero. 


Dehne 


— {(P) -^5 j)l P ^ A G P, j G {1, . . . , t} with A G p(Cj)}. 


For (p, A, j) G P^(G*) define C[p,\,j) ^ to be the sum of all elements r G Hn,n 

satisfying 

(i) type(r) = p. 

(ii) size of the cycle of r containing n is A and the corresponding cycle product is of type 

3- 

Note that, for 1 < i < n, 1 < j < t, liy and Y! - are equal to C(^p,\j), for suitable 
choice of p, A, and j. 

Lemma 4.2 (i) {c(p_Aj) I ^ ® basis of Zn^n-i,n- It follows that 



(ii) For (p, A,j) G we have 

HpFj) ^ ylp\I<P<t, l<i<k), 


where k = ffp. 

(in) Zn,n-i,n = fYi^^.YF I 1 < j < f, I <i<n). 
(iv) Zn-i,n = (Yij, Ylj \1 < j <t, 1 <i <n-l). 


Proof (i) Let r, t' G Hn^n- Then, using the same argument that characterized conjugacy in 
Gn in Section 2, we can show that r = for some a G Lfn-i,n iff type(T) = type(r'), 

the length of the cycle containing n is same in both r and r', and the cycle products of 
the cycles containing n are of the same type in both r and t'. The result follows. 

(ii) By induction on ffp. If ffp = 0, then c^pXj) is the identity element of C[iL„,ri] and the 
result is clearly true. Assume the result whenever ffp < 1. Consider {p,X,j) G V({G^) 
with ffp = / + 1 . 

Denote the multiset of nontrivial parts of p by {(Ai, ji), (^ 2 ,^ 2 ), • • •, (Am, Jm)}- Con¬ 
sider the following two subcases: 

(a) A = 1 and j = 1: Consider the product Yx^^jfYx^^j^ ■ ■ ■ Yx^j^. Using part (i) we see 
that this product is in ^n,n-i,n and thus can be expanded in the basis given in part (i). 
A little reflection shows that 
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where a(p,Aj) G P, 0(p',A'j') ^ N and the sum is over all with 4^^p' < jj^p. The 

result follows by induction. 

(b) A 7 ^ 1 or i 7 ^ 1: Without loss of generality we may assume (A, j) = (Ai, ji). Now 
consider the product 

^Ai Ji^A 2 J2 ■ ■ ■ = tt(p,A,j)C(p,A,j) + «(p',A'J')'^(p'.A',j') ’ 

(p'>A'J') 

where (y{p,\j) G P, «(p',A'j') £ hJ and the sum is over all {p',X',j') with ^p' < ^p. The 
result follows by induction. 

(iii) Follows from parts (i) and (ii). 

(iv) Embed Hn-i^n-i into Hn-i^n in the obvious way giving rise to an embedding 0 : 
Zn-i^n-i —^ Zn-i^n- Note that Zn-i,n E isomorphic to the tensor product of (p{Zn-i,n-i) 
and Z[C[G*^"'i]]. Now Z[C[G(”i]] is generated by Y/j, 1 < j < t and a proof similar to the 
proof of part (iii) shows that 0(Z„_i^„_i) is generated by Yij, 1 < j < t,l < i < n — 1. 
The result follows. □ 

For z = 1,..., n define the following elements of 

fe=l qGG 

Note that Xi = 0. It is easy to see that W is the difference of an element in and an 
element in These elements are called the Young-Jucys-Murphy (YJM) elements. 

Theorem 4.3 ZYa^m—l^n (-^m—l,n;^ Y Tfl Y Tl. 

(ii) Zm,m-i,n, 2 < TH < H is commutative. 


Proof (i) We first consider m = n. Clearly Zn^n-i,n ^ {Zn-i,n, Xn) (note that = 
Y)^). To show the converse we need to show (by Lemma [4.21 (iii) and (iv)) that YY g 
{Zn-i,n, Xn), for z = 2,..., u and j = 

Observe that, for 2 <i <n and 2 < j < t, we have 


Y' = Y' Y' 


(13) 


Since Y(j G for 1 < j < f it is enough to show that Y)-^ E for 

z = 2,..., rz. We show this by induction on z. 

Since = Zin we have ^ {Zn-i,n,Xn). Suppose ^ 2,11 • • • 1 ^fe+ 1,1 ^ {Zn-i,n,Xn). 
We shall now show that Y (.^2 1 ^ {Zn-i,n,Zn)- 

We write Y).^^ ^ as 


• • • ,4,n), 

*l,...,*fc,91r--i9fc + l 
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where the sum is over all {ii,... ,ik) G {1,...,n — 1}^ with distinct components and all 
(^fi,... ,gk+i) G with gk+iQk ■ ■ • 5 ' 25 'i = e. In the following we use this summation 

convention implicitly. 

Now consider the product G 

I n,.",4>9i,-".9fe+i I I «=i g ) 


Take a typical element 

• • • ,4,n)(^"^)W^W(i,n) 

of this product. If i 7 ^ p, for / = 1,..., /c, this product is 

{a~^)^"\aia)^"^^a2^^ ■ ■ ■ at'^^atiii.h ii,..., 4 ,n). 

Note that gk+i ■ • • fi' 2 (fi'i 5 ')(fi'”^) = e. 

On the other hand if i = p, for some 1 < / < fc, this product becomes 

{aia)^"^^ a2^^ ■ ■ ■ a]i'\ai+ia~^)^"'^^^ a^ilV^ ■ • ■4+\(4, • •. ,p)(*«+n • • • ,n). 


Note that, since gk+iak • • • (71 = e, we have 


ak+i ■ ■ ■ ai+2{ai+ia ^) = a{ar--a2{aia)) ^a ^ 


It follows that the element flTT)) above is equal to 

h,...,ik ^=1 i=l 9lv,9fe+l ^ 

where the hrst sum is over all (i, 4, ..., ik) G {1, 2, ..., n —with distinct components 
and all {g, gi,..., gk+i) G with gk+i---gig = e and the second sum is over all 

(4, • • •, 4) £ {1) 2, ..., n — 1}^ with distinct components and all {gi,..., gk+i) G 
with type of gk+i ■ ■ ■ gi+i equal to j and the type of gr ■■ gi equal to X(j). 

We can rewrite as 

l^fc+2,1 + *^(p,Aj)C(p,Aj)) 

(pXj) 

where «(p,Aj) ^ 1^ and the sum is over all {p,X,j) with < k + 1. By induction 

hypothesis, flT^ . and part (ii) of Lemma 021 it follows that 1 ^ {Zn-i,n, Xn). 
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We have now shown Zn,n-i,n = (^n-i,n,^n)- The case of general Zm,m-i,n can be 
shown by embedding in Zm,m-i,n (as in part (iv) of Lemma 02]) • 

(ii) This follows from part (i) since 

It follows from Theorem 14.11 and part (ii) of Theorem 14.31 that the chain (fT2|) is mul¬ 
tiplicity free. Set, for 1 < m < n, 

Z2^ni • • • 1 Znri,'n)i 

SO that GZn^n is the Gelfand-Tsetlin algebra of the chain flT^ . Note that W G GZi^n ^ 
GZn,n- 

Theorem 4.4 We have 

G'Z^,„ = (Z[C[G"]],Xi,X 2 ,...,X™), l<m<n. 


Proof The proof is by induction on n and, for each n, by induction on m. The cases 
n = 1,2 are clear. Now consider general n. The case m = 1 is obvious. Assume 
we have proved that GZm-i,n = {Z[C[G'^]], Xi, X 2 ,..., X^-i). It remains to show that 
GZm,n = {GZm-i,n, Xm)- The left hand side clearly contains the right hand side so it 
suffices to check that the left hand side is contained in the right hand side. For this it 
suffices to check that Zm,n ^ {GZm,-i,n, Xm) ■ This follows from part (i) of Theorem 14.31 
since — ZYn,m—l,n- ^ 

Let P be a GZ-subspace of Gn- Then V is an irreducible G”^-module and is thus 
isomorphic to pi G) • • • 0 pn, Pi £ for all i. We call p = (pi,..., pn) the label of V. 

Dehne 

«(^) = (p, ai,... ,an) e C”, 

where a* = eigenvalue of W on V. We call a{v) the weight of V (note that ai = 0 since 
Xi = 0). Dehne the spectrum of Gn by 

specg(n) = {a{y) : G is a GZ-subspace of G„} . 

Let G be a GZ-subspace of G„ with label p. Then the primitive central idempotent in 
Z[C[G”]] corresponding to p will have eigenvalue 1 on G and eigenvalue 0 on GZ-subspaces 
with different labels. It now follows from Lemmaand Theorem 14.41 that a GZ-subspace 
is uniquely determined by its weight. 

By dehnition of GZ-subspaces and Lemma [321 the set speC( 3 (n) is in natural bijection 
with chains 


T = 

where Aj G 1 < i < n, in the Bratelli diagram of flT^ . 


( 16 ) 
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Given a G speC( 5 (n) we denote by Va the GZ-subspace with weight a and by the 
corresponding chain in the branching graph. Similarly, given a chain T as in ([TB]) we 
denote the correponding GZ-subspace by Vt and the weight vector a^Vr) by a(T). Thus 
we have 1-1 correspondences 

T I —} ct ( Vt ), ol I—^ Ta 
between chains ffT6|) and specQ(n). For A G define 

specg(n, A) = {a G speC( 5 (n)|TQ, ends at A}. 


We have, from ([9]), 

dim = IspeccHI, 

dim ^ dim 14, A G 

aeSpeC(3(n,A) 

There is a natural equivalence relation ~ on specg(n): for a,(3 ^ specg(n), 
a ^ 13 -v^ a, (3 E specc.(n. A) for some A G H!^^. 

Glearly we have |specc.(n)/ ~ | = 

5 Action of Coxeter generators on GZ-subspaces 

In this section we describe the action of the Goxeter generators on GZ-subspaces in terms 
of transformations of weights. 

Let A G We have the GZ-decomposition 

= ©aGSpeCQ(n,A)145 (17) 

of into irreducible G"^-modules. 

We now consider the action of the Goxeter generators s* = {i,i + 1) of Sn on V^. Since 
the 14 consist of common eigenvectors of Xi,..., and are G”-invariant, it is useful to 
know the commutation relations satisfied by the Sj, the Xj, and the 

Lemma 5.1 The following relations hold in Gn: 

(i) Xi, ..., Xn commute. 

(a) Xig^^^ = g^^'^Xi, g E G, 1 < i,l < n. 

(Hi) Sig^'^^Si = 9 ^ G, 1 < i < n — 1. In particular, s‘( = 1, 1 < i < n — 1. 

(iv) Sig^’-'^ = g^^^Si, I <i <n — 1, I <l <n, I ^ i,i + l. 

(v) SiXiSi + = Xi+i, 1 < i < n - 1. 

(vi) SiXi = XiSi, 1 < i < n — 1, 1 < I < n, I ^ i,i + 1. 
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Proof (i) We have already seen this. 

(ii) This can be checked directly. An alternative proof is as follows. On every GZ-subspace 
of Gm the actions of Xi and clearly commute. By considering the isomorphism 

C[G„] = 0End(P"), 

given by 

g I—)■ (y^ y : A G G^), g G Gn, 
we see that and g^^^ commute in G„. 

(iii) and (iv) This is clear. 

(v) We have 

SiXiSi = (iG + 1) ) (h* + 1) 

\fc=l g&G J 

k=l g£G 

g&G 


(vi) First assume I <i — 1. Then 

SiX, = ('i,i + i) W (<,-■)(V’fto) 

\fc=l gGG / 

(».» + !) 

^A;=l g^G J 

Now assume I > i + 2. Then 

SiX, = (*,i + l) (i;5^(9-‘)“’(s)“>(*:. 0+ ii 

\/c=l g^G k=i-\-2, g^G 

+ + 5^(9-‘)'‘+'>(9)"'(" +1.0 

geG geG 

^J2(sX'‘Hg)'-'\k,i)+ ii 5^(9-0<‘>(9)<‘>(00 

g^G k=i-\-^ g^G 

+ +1.0 + ') ) (+ “ + 1) 

geG geG / 

= Xis^. □ 
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Using part (iii) of Lemma [5.II we can rewrite part (v) of Lemma [5.11 as 


+ = s,X,+i, l<*<n-L (18) 

g&G 


Consider the irreducible G"'-module Va in the decomposition ffT7|) above. Let V be the 
subspace of spanned by Va and Sj • Va- Lemma ISTTl shows that V is invariant under 
the actions of Si, Xi, Xi+i, and G"". A study of this action will enable us to write down 
matrices for the action of s* on Va- 

Lemma 5.2 For i = 1,2, ...,n — 1, let Ai be the subalgebra of C[Gn] generated by 
G"',Si,Xi, and Xj+i. Then Ai is semisimple and the actions of Xi and Xj+i on any 
Ai-module are simultaneously diagonalizable. 

Proof Let Mat{n) denote the algebra of complex (|G|”? 7 ,!) x (|G|"n!) matrices, with 
rows and columns indexed by elements of Gn- Consider the left regular representation of 
Gn- Writing this in matrix terms gives an embedding of C[G„] into Mat{n). We write 
7 : C[Gn] Mat{n). 

Note that 

(a) The left action of (i,i + 1) on G„ is inverse to itself. 

(b) For k < i, the left action of {g~^Y^'>g^^\k,i) on Gn is inverse to itself. 

(c) For g E G and 1 < / < n, the left action of g^^"^ on G„ is inverse to the action of 

It follows that the matrices 7 ( 5 *), 7 (A'j), 7 (Wj+i) are real and symmetric and that the 
generating set 

{ 7 (si), 7 (Xi), 7 (W+i)} U {7(^^'^) : 1 < ^ < n, ^ e G} 

of 7 (Aj) is closed under the matrix * operation M i-T- (M)*. So 7 (Aj) itself is closed under 
the * operation and a standard result on hnite dimensional G*-algebras now shows that 
7 (Ai) (and hence Ai) is semisimple. 

Part (ii) follows since 7 (W) and 7 (W_|_i) are commuting real, symmetric matrices and 
thus the *-subalgebra of 7 (Aj) generated by them is commutative. □ 

Before proceeding further we introduce some useful notation. For 1 < i < n — 1, let 
Ui be the involution on { 1 , 2 ,..., n} dehned by uji{l) = /, if / 7 ^ i, i + 1 , uji{i) = z + 1 , 
and Ui{i + 1) = i. Parts (iii) and (iv) of Lemma 15.11 may be written as follows. For 
1 < i < n — 1 and 1 < / < n we have 

g^^^Si = Sig‘^^^‘1 (19) 

Let lUi and IF 2 be vector spaces and set W = Wi ^ W 2 . We can dehne a switch 
operator on W that sends wi ( 8 ) W 2 to W 2 0 tci. Now let G be a vector space having 
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the same dimension as W. We can fix an isomorphism between [/ and W and transfer 
the switch operator on hh to t/ via this isomorphism. However, since the isomorphism 
between [/ and W is not canonical, there is no canonically defined switch operator on U. 
This situation does not arise when we consider irreducible G”-modules. 

Let p = {pi,... ,pn), where pi G for all i and consider the irreducible G”-module 
1/^1 0 ■ ■ ■ 0 1/^". Let 1 < z < n — 1. Define the involution, called the switch operator, 

Ti,p : 0 ■■ - 0 -)■ 0 ■■ - 0 0 0 0 0 ■■ - 0 

by switching the i and z + 1 factors: 

'ri,p(D 0 ■■ ■0Vn) = Vi0 ■■ - 0 Vi_i 0 Uj+I 0Vi0 Vi+2 ^ ®Vn- 

We have, for G G, n G 0 ■ ■ ■ 0 1 < / < rz, 

ri,p{g^^^v) = ( 20 ) 

Now let V be an irreducible G”-module isomorphic to 0 ■ ■ ■ 0 Fix a G”-hnear 
isomorphism f : V ^ 0 ■ ■ ■ 0 Define an involution 


Ti,V -.V^V 

by Tiy = f~^Ti^pf. It is easily seen by Schur’s lemma that Tiy is independent of the 
chosen / and therefore r^y is canonically defined. We have, for g ^ G, v G V, 1 < I < n, 

nyig^^'^v) = g^‘^^‘'^'^'^riy{v). ( 21 ) 

In what follows we shall use flT^ . fl20|) . (1^ (and (12^ . fl24)) . (12^ . (1261) . fl27)) below) without 
explicit mention. 

Let Va be a GZ-subspace of A G with weight a = (p, ai,..., «„), where 
p = {pi, ..., pn). Fix a G”-hnear isomorphism 

f 0---0 yp". 

Let 1 < z < rz — 1. Since s? = 1 the map n s, • n on is an involution. Consider 
the subspace SjW of V^. Then, by Lemma EH] (iii) and (iv), sWa is also closed under the 
G”-action. The map 


: Si 14 -yVp^0---0yp^-^ 0yp^+^ 0yp^ 0yp^+^ 0---0yp^, (22) 

given by f^^isiv) = Ti^p{f{v)) is a GMinear isomorphism. To see this, let v G 14- Then, 
for 1 < / < rz, we have 


g^^^p{siv) = g^^\yp{f{v))), 

r(p«s.n) = 

= TiPf{g^^^^^'>\)) 

= g^^\riPf{v))). 
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For 1 < i < n — 1, define an element bi = J2g£G e C[Gn]- For h e G we 

have = bih^^\ I ^ i,i + '^ and 

Similarly, we can show h^'^^^'>bi = bih^^\ We have, for 1 < I < n and h E G, 

h^^^bi = (23) 

Also note that we can rewrite (ITSll as follows 

^25 ^^2+1^2 A ^2* 


The map Va —t SiVa given by n SibiV is a G’^-linear map. This follows from, for 
1 < / < n. 


Sibi{g*‘^v) = = 9^‘^SibiV. 


(25) 


It follows that 


Pi 7 ^ pi+i implies hv = v eV^. 


(26) 


Now assume pi = Pi+i- The map W —)■ sWa given by n i—)■ SiTiy^{v) is a G"'-linear 
isomorphism. This follows from, for 1 < / < n. 


SiTiySa^^'^^) = Si{g^^^^'-^\iy^{v)) = g^'‘hiTiy^{v). 


It follows that biV = (3Tiy^{v),v E 14, for some scalar (3. Now the trace of the action of 
bi on 1/^1 ® • • • ® is 


dim(l/^i) ■ ■ ■ dim(ld'’"') ^ , , / -in dim(l/^4 ''' dini(l/^") 
dim(l/^») dim(l/^'+i) dim(l/^*) dim(l/^*+i) 


by the first orthogonality relation for characters (y = character of V^*). Since the trace 
of Tiy^ is 

dim(l/^4 • ■ ■ dim(l/^") 
dim(l/^*) 

it follows that f3 = i. —-. We have 

^ dim(VPi) 


Pi = pi+i implies hv 


|G| 


dim(l/ 


pi 




V EVa 


(27) 


The following result relates the action of Si on GZ-subspaces to transformations on 
the corresponding weights. 
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Theorem 5.3 Let a = ((pi,..., p„), «i,..., a„) e specQ{n,\) and consider the GZ- 
subspace Va ofV^. Then 

(i) For 1 < i < n - 1, Si ■ Va = Va iff pi = pi+i and a^+i = a* ± 

(a) For 1 < i < n — 1 we have 

(a) pi = pi+i and a^+i = implies SiV = Tiy^{v), v eV^- 

(b) pi = pi+i and a^+i = a* - implies SiV = -Tiy^{v), v eVa- 

(Hi) If Pi = pi+i then ai 7 ^ Oj+i, 1 < i < n — 1. 

(iv) For i = 1,..., n — 2 the following statements are not true. 

(a) Pi = pi+i = pi +2 and a* = Oj+i + = «i+ 2 - 

(b) pi = pi+l = Pi +2 Q!j = Oj +1 — ~ Q!j_|_ 2 . 

For 1 < i < n — 1, if Pi ^ Pi+i then U = Si ■ is a GZ-subspace of with weight 

Si ' CX ^ (Pl 5 • • • 5 Pi — 1 1 Pz+l 1 pi 5 Pi-\~‘^ 7 • • • 5 Pn) 5 • • • 7 ^i —17 ^ 2 + 1 5 5 ^ 2+2 7 • • • 5 ^n) • 


For 1 <i <n - 1, if Pi = Pi+i and Oj+i 7 ^ a* ± i/ien, settmp 

|G| 


t/= U 2 


(oj+i — ai)dim(yp^ 


. \ "^ 2 ,V"a 1 


we have that U is a GZ-subspace with weight 


Si • (X ((pi) • • • ) Pn)y OH: • • • : ®2— 1 ) ®2+l) ®2) ®2+2) • • • ; Cln)- 


Proof (i) (only if) That pi = pi+i is clear from (122|) . The maps Va ^ Va given by n SjU 
and V 1-4 'Tiy^{v) are both involutions. Therefore the possible eigenvalues are 1 and -1. 

Let u,v & Va: M, 'y 7 ^ 0 with SiV = v and SiU = —u. Then 

aiV = Xi{v) = Xi{siv) = {siXi+i - bi)v = ai+iv - ^ (28) 

aiU = Xi{u) = Xi{-Siu) = -{siXi+i - hi)u = ai+iu + ({[y^ypy VvA'^)- (29) 

It follows that Tiy^{v) is a multiple of v and is thus either v or —v. Similarly, Tiy^{u) is a 
multiple of u and is thus either u or —u. Since there exists an eigenvector of s* : 14 ^ 14, 
the result follows. 

(if) Since SjI4 is also an irreducible G"-module (by ([22])) either 14 = SiVa or SjI4nl4 = 
{0}. Assume that SjI4 hi 14 = {0}. We shall derive a contradiction. 

We assume that Oj+i = a* -|- .. —. The case Oj+i = Oi — — is similar. 

2-1-1 dim(VPi) ^ dim(y'’i) 
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The subspace Va © SiVa of is an Aj-module, by Lemma ISTTl Define a subspace 


M = {V- Si- Tiy^ (v) jv e Va} © i4 © SiV^. 

We check that M is an Aj-submodule, i.e., is closed under the action of and 

/ = 1,..., n. We have, for v G Va, 


Si(v - SiTiy^(v)) 

Xi(v - SiTiy^(v)) 


Xi+i(v - SiTiy^(v)) 


SiV - Tiy^ (v) 

- Mxvj-nyjv))) e M, 

- g^‘^SiTiy^(v) 

- Sig(‘^^(^^^Tiy^(v) 

g^^'^v - SiTiy^{g^^\) e M, 

aiV - {SiXi+i - hi){Tiy^{v)) 

f ^ 1^1 

Oit, - aj+iSjT..v.(t,) + 

Q!i+l(n - SiTiy^{v)) e M, 
ai+iV - {SiXi + bi){Tiy^{v)) 

\G\ 

ai{v - SiTiy^{v)) e M. 


We shall now show that M is the only nonempty, proper Aj-submodule of Vk © sWa- 
Since dim(M) < dim(l/Q, © sWa), this contradicts the fact that Va © SiVa is a semisimple 
Aj-module (since Ai is a semisimple algebra by Lemma [5.21) . 

Let M' be a nonempty, proper Aj-submodule of V^©SjVa. Since M' is closed under s* 
we have M' ^ Va and M' ^ SjVk- Also, M' is in particular a G"-submodule of Vk © sWa- 
Since Va and sWa are isomorphic irreducible G”-modules and v i—)■ SiTiy^{v) is a G”-hnear 
isomorphism between them, it follows by Schur’s lemma that 

M' = (n + '^SiTiy^{v)\v e Va], 

for some 0 7 ^ 7 G C. We shall show that 7 = — 1. 

Now 


Sj(n + 7SiTiy^(v)) = SiV + -fTiy^{v) = 'JTiy^iv) + 


^SiTiy^i'yriyAv)) 


T 


which yields 7 ^ = 1 and hence 7 = ± 1 . 
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We have 


Xi{v + SiTiy^{v)) 


Xi{v - SiTiy^{v)) 


aiV + ai+iSiTiy^iv) - biTiy^{v) 

aiV - ai+iSiTiy^{v) + biTiy^{v) 



|G| 


dim(l^ 


pi] 


V Q^i+lSjTj (u). 


and thus 7 = —1. Thus M' = M and the proof of the if part is complete. 

(ii) This follows from fl25]) and fl2U]) . 

\f^\ 

(hi) Either stVa = 14 or Sil4nl4 = {0}. If 5*14 = 14 then by part (i) «*+! = 

so Q!j 4 Oii+1- 

Now assume 5*14 H I 4 = {0}. Then, as checked before, 14 © 5*14 is 4*-invariant. 
Choose a basis B of 14 and consider the basis B U 5*5 of 14 © 5*14- Let N be the 
matrix of r*y^ with respect to the basis B and set k = Using the relation 

XiSi = 5*Xi+i — bi we see that the matrices of X* and X*+i (respectively) with respect to 
B U sB are given in block form as follows 


-1 

p 

1 


Q!*+l/ kX 

0 Q!*+i/ _ 

1 

0 a*J 


The actions of X* and X*+i on I 4 © 5*14 are diagonalizable by Lemma 15.21 and thus 
a* 4 <^ 1+1 (since X 4 0). 

(iv) Suppose statement (a) is true. Since, as a G”-module, I 4 is isomorphic to © • • • © 
1/^", we can choose a n G 14 such that Tiy^{v) = rj+i_v'^(n) = v. By part (ii) we have 
5 *n = —V and 5*+in = v. Now consider the Coxeter relation 


'S*5*-|_i5* 5*_|_i5*5*_|_x 

and let both sides act on v. The left hand side yields v and the right hand side yields —v, 
a contradiction. So, statement (a) must be false. The proof for the falsity of statement 
(b) is similar. 

(v) When p* 4 Pi+i then, by fl2BD . biV = 0 for n G 14- The result now follows from 
and the relation X*5* = 5*Xi+i ~ h. 

(vi) By part (i) 5*14 © 14 = {0} and by part (hi) a* 4 ^i+i- Clearly, f/ is a subspace 
of 14 © 5*14 and since v 1 — )■ SiTiy^{v) (or, equivalently, Tiy^{v) 1 — )■ 5*n) is a G"'-linear 
isomorphism between I 4 and 5*14 h follows that U is also an irreducible G”-module with 
label (pi,..., p**). It remains to check that X*,X*+i act on U by appropriate scalars. 
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Setting K = we have, using (E?]), 



®i+l ~ ® 


K 



ai+i{siv) - biV -^- ^iy^iv) 



Xi+i SiV - 


c^i+l ~ CX. 




Q^i+1 



That completes the proof. □ 

Let a = ((pi,..., p„), , On) G speC(^(n). We say that the transposition Si is 

admissible for a if one of the following conditions holds: 

(i) Pi ^ pi+i or 


ii) Pi — Pi+l &Ild Q-i ^ CTi+l i 


dim(V'’i) • 


The following two observations are easy to see: 

(a) For a, (3 E specg(n), we have a ~ /3 if a is obtained from /3 by a sequence of admissible 
transpositions. 

(b) We have 


((pi,..., p„), ai,..., a„) e specG.(n) implies 

((pi, . . . , Pn-l), On-l) e SpeCG(ri “ 1). 


(30) 


6 Content vectors and Young G-tableaux 

In the Vershik-Okounkov theory Young G-tableaux are related to irreducible representa¬ 
tions of Gn via their content vectors. Let us define these first. 

Let a = (oi, 02 ,..., a„) G IP. We say that a is a content vector if 

(i) oi = 0. 

(ii) {oj — 1, Oj -|- 1} n {oi, 02 ,..., cii-i} 7 ^ 0, for all i > 1. 

(hi) if Oi = Oj = a for some i < j then {o — 1, o -|- 1} C {oi+i,..., Oj_i} (i.e., between two 
occurrences of o there should also be occurrences of o — 1 and o -|- 1). 

Condition (ii) in the definition above can be replaced (in the presence of conditions 
(i) and (hi)) by condition (ii’) below. 

(ii’) For all i > 1, if o^ > 0 then aj = o* — 1 for some j < i and if o^ < 0 then Oj = Oj -|- 1 
for some j < i. 
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The set of all content vectors of length n is denoted cont(n) C Z"". It is convenient to 
assume that the empty sequence is a content vector of length 0 and is the unique element 
of cont(O). 

Let a = ((pi,..., pn)i oi,..., a„), where pi G for all and (oi,..., an) G C"'. For 
a G let cr( J) = {ii < j 2 < • • • < ^ {I 5 2,..., 77 ,} be the set of indices satisfying 

Pj. = cr, 7 = 1,..., ria^a and p; 7 ^ a for / G {1, 2,..., n} — cr( J). Let a{a) be the sequence 

f dim(I/°') dim(I/°') ^ 

V |g1 ■ ■ ■ ’ |g1 j ■ 

We say that a is a content vector with respect to G of length n if a{a) G cont(no-,a) 
for all a G G^. Since dim(I^°') divides |G| it follows that a* G Z for all i. Denote by 
contG(n.) C Z"' the set of all content vectors with respect to G of length n. 


Theorem 6.1 IFe have specQ{n) C contain). 


Proof Let a 

that 


(p, oi,..., a„) G specG(ri), where p = (a,..., a), a G G^. We will show 


/ dim(I/'^) 


Oi, .. 


dim(I/‘^) \ 


G cont(n). 


Using Theorem I5.3f vi and fl5U]) we see that this proves the result. 


Clearly ai = 0 as Xi = 0. We verify conditions (ii) and (iii) in the dehnition of content 
vectors by induction on n. Since X 2 = foi we have, from ([27]), that ^ 02 = ±1 and 
thus condition (ii) is verified (and condition (iii) does not apply). Now assume n > 3. 

We first verify condition (ii). If a„_i = a„ ± there is nothing to prove, so 

assume this does not hold. Then the transposition (n — l,n) is admissible for a and, by 
Theorem l5.3f viL (p, Oi,..., a„_ 2 , a„, a„_i) G specc.(n). Now, by (l30|) and the induction 
hypothesis, a„ + ^TJ^}n{ai,..., an- 2 } 7 ^ 0- Thus condition (ii) is verified. 

We now verify condition (iii). Now assume that at = On = a for some i < n. We may 
assume that i is the largest possible index, i.e., a does not occur between and a„, so 
a ^ {oj+i,..., On-i}. Now assume that a — ^ {oi+i, • • •, a-n-i}- We shall derive a 

contradiction (the case where a + ^ {di+i, • • •, cbn-i} is similar). 

By induction hypothesis the number a+occurs in {oj+i,..., a„_i} at most once 
(for, if it occured twice, then by the induction hypothesis a would also occur contradicting 
our choice of i). Thus there are two possibilities: 


(Oj, 


, On) = (a, a) or (a*,..., a„) = (a, a + 


|G| 


dim(U°')’ ’ 


, *, a), 


where * stands for a number different from a — 


IGI I 

dim(V‘^)) ® + 


|G| 

dim(V'^) • 
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In the first case we can apply a sequence of admissible transpositions to infer that 
{p,... ,a,a,...) G specg(n), contradicting Theorem I5.3f iiii and in the second case we can 
apply a sequence of admissible transpositions to infer that (p,..., a, a + , a,...) G 

specg(n), contradicting Theorem I5.3l ivifb). □ 

Let a = ((pi,..., p„), oi,..., ttn) G contG(’^) We say that the transposition s* is ad¬ 
missible for a if Pi 7^ Pi+i, or pi = pj+i and Oj 7^ Oj+i ± . We dehne the following 

equivalence relation on contG(?T'): a ~ /3 if /3 can be obtained from a by a sequence of 
(zero or more) admissible transpositions. 

We now introduce Young G-tableaux into the picture. 

Let Ti G tabG(ri) and assume that either i and i + 1 do not appear in the same Young 
diagram of Ti or that they are in the same Young diagram of Ti but do not appear in 
the same row or same column of this Young diagram. Then exchanging i and i + 1 in Ti 
produces another standard Young G-tableau T2 G tabG(n). We say that T2 is obtained 
from Ti by an admissible transposition. For Ti,T2 G tabG(r2.), define Ti T2 if T2 can be 
obtained from Ti by a sequence of (zero or more) admissible transpositions (it is easily 
seen that ~ is an equivalence relation). 

Lemma 6.2 Let Ti,T 2 G tabcin). Then Ti ^ T 2 if and only Ti and T 2 have the same 
shape. 

Proof The only if part is obvious. To prove the if part we proceed as follows. Let 
P £ 3^n(G^). Enumerate the elements of G^ as ai,..., at. Let rij be the number of boxes 
in the Young diagram p{ai). Then ni ut = n. 

Dehne the following element R of taboin, p): hll the Young diagram of p{ai) with the 
numbers 1, 2,..., ni in row major order, i.e., the hrst row with the numbers 1, 2,..., /i 
(in increasing order, here li = length of hrst row), the second row with /i + 1,..., /i + ^2 
(in increasing order, here I 2 = length of second row) and so on till the last row of p{ai). 
Now hll the Young diagram of p{a 2 ) with the numbers rii + 1,..., rii + 77-2 in row major 
order and so on till the last Young diagram p{at). 

We show that any T G p) satishes T k, R. This will prove the if part. Consider 

the last box of the last row of the last Young diagram p{at). Let i be written in this box 
of T. Exchange i and z + 1 in T (which is clearly an admissible transposition). Now repeat 
this procedure with i + 1 and i + 2, then i + 2 and i + 3, and hnally n — 1 and n. At the 
end of this sequence of admissible transpositions we have the number n written in the last 
box of the last row of p{at). Now repeat the same procedure for n — 1, n — 2,..., 2. □ 

Let us make a remark about the proof of Lemma 16.21 Let s denote the permutation 
that maps R to T. Then the proof shows that R can be obtained from T by a sequence 
of £(s) admissible transpositions. Thus T can be obtained from i? by a sequence of £{s) 
admissible transpositions. 

The content c{b) of a box 6 of a Young diagram is its p-coordinate — its x-coordinate 
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(our convention for drawing Young diagrams is akin to writing down matrices with x-axis 
running downwards and y axis running to the right). 

Lemma 6.3 Let <h : tabcin) —)■ contcin) he defined as follows. Given T e tabc{n) and 
1 < i < n, let brp{i) be the box (in one of the Young diagrams of T) where the number i 
resides. Define 

4(T) = ((rni).....r.W). ^MD).■ ■ ■. -(W))- 

Then ^ is a bijection which takes ^-eguivalent standard Young G-tableaux to ^-eguivalent 
content vectors with respect to G. 

Proof The general case clearly follows from the |G| = 1 case for which we need to give a 
bijection between content vectors of length n and standard Young tableaux with n boxes. 
This is well known. The content vector of any standard Young tableau clearly satisfies 
conditions (i), (ii), and (iii) in the definition of a content vector and these conditions 
uniquely determine the numbers to be filled in the boxes of the Young diagram. This 
bijection clearly preserves the ~ relation. □ 

Theorem 6.4 (i) specQ{n) = contc{n) and the eguivalence relations ~ and ~ coincide. 

(ii) The map : specQ^n) —)■ tahcin) is a bijection and, for a, (3 E specQ{n), we have 
a ^ if and only if and have the same shape. 

Proof We have 

(a) specg(?7,) C contG'(n). 

(b) If a G specQ^n), (3 G contG'(n), and a ~ /3 then it is easily seen that (3 G specg(n) and 
a ^ (3. It follows that given an ^-equivalence class A of specg(n) and an Ri-equivalence 
class B of contG(n.), either AnB = (!) or B<T A. 

(c) |(specQ(n)/ ~)| = |G0| = \Vn{G^)\ = |3^„(G^)|, since the number of irreducible 
G„-representations is equal to the number of conjugacy classes in G„ and similarly for G. 

(d) |(contG(n)/ Ri)| = |(yn(G^)|, by Lemmas lOl and [6l2l 

The four statements above imply part (i). Part (ii) is now clear. □ 

Using Theorem 16.41 we may parametrize the irreducible representations of by el¬ 
ements of 3^n(G^). The following result is a reformulation of the GZ-decomposition in 
terms of standard Young G-tableaux. 

Theorem 6.5 Let y G 3^n(G^). Then we may index the GZ-suhspaces ofV^ by standard 
Young G-tableaux of shape y and write the GZ-decomposition as 

= ^TGtabcM^T, (31) 
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where each Vp is closed under the action of = G x ■■■ x G (n factors) and, as a 
G'^-module, is isomorphic to the irreducible G"'-module 

® ® • • • O 

Fori = 1,... , 77 ,, the eigenvalue of Xi on Vp is given by c(6r(*))- 

The branching rule for the pair Gn-i C Gn is now clear. 

Theorem 6.6 Let /i G Then we have a Gn-module isomorphism 

^ ©.eCA dini(f"‘^) . □ 

The dimension of an irreducible representation of Gn easily follows from Theorem 16.51 
For a Young diagram pi let denote the number of standard Young tableaux of shape pi. 


Theorem 6.7 Let /i G yn{G^). Write the elements of G^ as {ai,... ,at} and set 
Li = h(©)> '^i = lhi|> di = dim(Y'"'), i = 1,.. .,t. 


Then 


dim(Y'^) 





We now discuss the choice of a basis of p G with respect to which we 

may write down the matrices for the action of the Coxeter generators Si,..., s„_i. We 
begin with an observation. 

Fix /i G and consider the irreducible G„-module V^. Let T G tabcin, p.) and 

let pt denote the projection of onto Vt determined by the decomposition fl3l]) . Let s* 
be an admissible transposition for T. Two cases arise: 

(a) i and i + 1 are in different Young diagrams of T: It follows from Theorem 15.31 (v) that 
Psi-T^Si ■ B) is a basis of Vs^.t for any basis i? of Vr- 

(b) i and i + 1 are in the same Young diagram of T but are not in the same row or the 
same column of this Young diagram: Let 0 7 ^ n G Vt- It follows from (the proof of) 
Theorem 15.31 (vi) that Sj • n is the sum of a nonzero rational multiple of (n) and a 
nonzero vector in Vs^.T and that the map Vp Vsi-T given by n i-+ Psi-T^Si • n) is a linear 
isomorphism. In particular, Psi-risi ■ B) is a basis of Vg^.p for any basis B of Vp. 

Now let R be the tableau dehned in the proof of Lemma [6.21 Fix a basis B^ of Vr. 
Consider a standard G-tableau T G tsbcin, p). Let s be the permutation that maps R 
to T. Dehne 

Bp = {pp{s • n) I n G Br}, (32) 

and dehne f'(T), the length of T, to be i{s). The following result now easily follows, by 
induction on the length of T G tabG(n, p), using observations (a), (b) above and the fact, 
remarked after the proof of Lemma (6.21 that T G tahcin, p) can be obtained from R by 
a sequence of i{T) admissible transpositions and no fewer Coxeter transpositions. 













Lemma 6.8 (i) Bt is a basis ofVr, for all T G tabc{’n,fi). 

(a) Let T G tabc{n, ja) and let s* be an admissible transposition for T. Then 

(a) If i and i + 1 are in different Young diagrams ofT we have 

Bsi-T = {Psi-T{si • w) I w G Bt}. 

(b) Ifi and i + 1 are in the same Young diagram ofT but not in the same row or same 
column of this Young diagram we have 

Bsi-T = {Psi-Asi • w) I G Bt}, ifi{si ■ T) = i{T) + 1, 

Bs^.t = {il-r~'^)ps^.Tisi-v) \v e Bt}, if i{si ■ T) = i{T) - 1, 

where r = dimiy^'^’^A■ 

We now choose a basis of Vr in a certain way and then apply the method above to 
get bases of all the GZ-subspaces. For a G G^, hx a basis B"^ of V‘^. Then, for p = 
(pi,..., pn), where pi G for all i, we have that B^ = B^^ ® ® B^^ is a basis of 

yp = 1/^1 (g) • • • G) Thus, for T G tabG(n, p), we have that B^'^ is a basis of where 

vt = (?"r(l), • • • ,'PTin))- Let W,rT be the matrix of the switch operator with 

respect to the basis B'"'^. 

Let R be the standard G-tableau dehned above and hx a G-linear isomorphism 

/ : 0 ... 0 ^ Vr. 

Dehne the basis 

(g,... ^ 

of Vr. Now use fl3^ to dehne a basis Bt of Vt for all T G tabG(n, p). 

Let T G tabG(n,p) and s be the permutation that maps R to T. Now Sn acts on 
V^'^ by permuting the coordinates and the image of the action of on V^'^ is V^^. The 
following result now follows. 

Lemma 6.9 The map —)■ Vt given by v PT{sfs~^{v)) is a G'^-linear isomorphism 

that takes the basis B^'^ of to the basis Bt ofVr. Thus the matrix Ni^T of Tiy,^ with 
respect to Bt is egual to Ni^rr- 

We now have the following result. 

Theorem 6.10 Consider the basis ofVP. Fix T G tabain, p) and let 

$(T) = ((pi,... ,pn),ai, ... ,an). Let Sj be a Coxeter generator. Let I denote the \Bt\ x 
\Bt\ identity matrix. Set r = jy ^ Niy. 

The action of Si on Vr is as follows. 
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(i) If i and i + 1 are in the same column of the same Young diagram of T then Vt is 
closed under the action of Si and the matrix of this action with respect to the basis Bt is 
N. 

(a) If i and i + 1 are in the same row of the same Young diagram ofT then Vt is closed 
under the action of Si and the matrix of this action with respect to the basis Bt is —N. 

(Hi) Suppose i and i + 1 are not in the same Young diagram ofT. Let S = Si -T. Then 
Vt © Vs is closed under the action of Si and the matrix of this action, with respect to the 
basis Bt U -Bs? is given by 

'or 

I 0 • 

(iv) Suppose i and i + 1 are in the same Young diagram ofT but not in the same row or 
same column of this Young diagram. Let S = Si ■ T. Then N = Ni^s- 

If i{S) = £{T) + 1 then Vt(BVs is closed under the action of Sj and the matrix of this 
action, with respect to the basis Bt U Bs, is given by 

' r-r (l-r-2)j' 

I -r-r 

If £{S) = £{T) — 1 then the matrix of the action of Si on the subspace Vt © Vs with 
respect to the basis basis Bt U Bs is given by the transpose of the matrix above. 

Proof Parts (i), (ii), (iii) and part (iv) with £{S) = £{T) + 1 follow from Theorem I5.31 
Lemma [6.81 and Lemma [6.91 above. To prove the case £{S) = £{T) — 1 of part (iv), switch 
T and S in the £{S) = £{T) + 1 case along with switching a* and Oj+i. This is equivalent 
to transposing the matrix. □ 

The basis of V^ and the action of Sj described above correspond to Young’s seminormal 
form in the case of the symmetric groups. Now let us consider the analog of Young’s 
orthogonal form. Since V^ is irreducible there is a unique (upto scalars) G„-invariant inner 
product on V^. Choose and hx one such inner product. Since the branching from Ht^n to 
is multiplicity free we have that the decomposition of an irreducible iLi^^-module 
into irreducibles iLj_i,n-niodules is orthogonal. It follows that the GZ-decomposition 
of V^ is orthogonal. 

For a G G^, £x a G-invariant inner product (unique upto scalars) on V®", and hx 
an orthonormal basis G®" of V®". Then, for p = (pi,...,p„), where pi G G^ for all 
i, we have that G^ = G^^ © • • • © G'’" is an orthonormal basis of V^ = V^^ © • • • © 
V^" (under the inner product obtained by multiplying the component inner products). 
Thus, for T G iahcin, p), we have that G'’^ is an ortho normal basis of V'’^, where 
tt = (rT(l),...,'rT(n)). Let be the matrix of the switch operator Ti^rr oii 

with respect to the basis G^’^. 

Let R be the standard G-tableau dehned above and hx a G”-linear isometry 

/ : V"«b) 0 ... 0 ^ Vr. 
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Define the orthonormal basis 


Ch =® • • • O 

of Vr. Now use fl3^ to define a basis Ct of Vt for all T G tabG(n, //). 

Let T G taho{n,^) and s be the permutation that maps R to T. We have 

Lemma 6.11 The map —?■ Vt given by v ^ pT{sfs~^{v)) is a G^-linear isometry 

that takes the basis C""^ ofV^'^ to the basis Ct ofVr. Thus the matrix Mi^T of Tiy^ with 
respect to Ct is equal to Mt^rr- 

The following result can be proved along the lines of the previous result. 

Theorem 6.12 Consider the orthonormal basis ^T^^taboC ofV^ defined above. Fix 
T G tabcin, p) and let <I>(T) = ((pi,... ,p„),ai,... ,an). Let Si be a Coxeter generator. 
Let I denote the \Ct\ x \Ct\ identity matrix and let Miy denote the matrix of Tiy.^ with 

respect to the basis Ct- Set r = ]y[ ^ Miy. 

The action of Si on Vt is as follows. 

(i) If i and i + 1 are in the same column of the same Young diagram of T then Vt is 
closed under the action of Si and the matrix of this action with respect to the basis Ct is 
M. 

(a) If i and i + 1 are in the same row of the same Young diagram of T then Vt is closed 
under the action of Si and the matrix of this action with respect to the basis Ct is —M. 

(Hi) Suppose i and i + 1 are not in the same Young diagram ofT. Let S = Si -T. Then 
Vt © Vs is closed under the action of Si and the matrix of this action, with respect to the 
basis Ct U Cs, is given by 

'or 

I 0 ■ 

(iv) Suppose i and i + 1 are in the same Young diagram ofT but not in the same row or 
same column of this Young diagram. Let S = Si ■ T. Then M = Miy. 

Then Vt®Vs is closed under the action of St and the matrix of this action, with respect 
to the basis Ct U Cs, is given by 


r-^M Vl -r-^ I ' 

_ Vl - r-2 / -r-^M _ ■ 

7 Generalized Johnson scheme 

The simplest nontrivial examples of the Vershik-Okounkov theory are the classical “John¬ 
son schemes” and the “generalized Johnson schemes” of Ceccherini-Silberstein, Scarabotti, 
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and Tolli [H [2] (also see m)- We consider multiplicity free S'„, G„-actions and explicitly 
write down the GZ-vectors (in the S'„ case) and the GZ-subspaces (in the Gn case) and 
also identify the irreducibles which occur. 

We begin with the Sn action. Let B{n) denote the set of all subsets of [n] = 
{1,2,...,?7,} and, for 0 < z < n, let B{n)i denote the set of all subsets of [n] with 
cardinality i. There is a natural action of Sn on B[n)i and B{n). For a finite set S, let 
V(S) denote the complex vector space with S as basis. 

We have the following direct sum decomposition into S'^-submodules of the permuta¬ 
tion representation of Sn on V{B{n))\ 

V{B{n)) = V{B{n)o)®V{B{n)i)®---®V{B{n)n). (33) 

The following result is classical (pna). We give a constructive proof that produces 
an explicit Gelfand-Tsetlin basis. 


Theorem 7.1 For Q <i <n, V{B{n)i) 
isomorphism 

V{B(n),) 

where the sum is over all partitions {n — 
i < n — k. 


is a multiplicity free Sn-module with Sn-module 

k 

k, k) of n with utmost two parts satisfying k < 



An element v G V{B{n)) is homogeneous if n G V{B{n)k) for some k. We say that a 
nonzero homogeneous element v is of rank /c, and we write r{v) = /c, if n G V{B{n)k)- 
The up operator Un '■ V{B{n)) V{B{n)) is defined, for X G B{n), by 

f/„(X) = 5^y, 

V 

where the sum is over all Y G B{n) covering X, i.e., X ®Y and |y| = |X| -|- 1. 

A symmetric Jordan chain (SJC) in V(B(n)) is a sequence v = (vi, . .., Vh) of nonzero 
homogeneous elements of V{B{n)) such that Un{vi-i) = n*, for i = 2,... h, Un{vh) = 0, 
and r(ni) ® r{vh) = n, if h > 2, or else 2r(ni) = n, if h = 1. Note that the elements 
of the sequence v are linearly independent, being nonzero and of different ranks. We say 
that V starts at rank r(ni) and ends at rank n — r(ni). We do not distinguish between 
the sequence (ui,..., Vh) and the underlying set {ui,..., Vh}- A symmetric Jordan basis 
(SJB) of V{Bin)) is a basis of V{B{n)) consisting of a disjoint union of SJC’s in V{B{n)). 
Given an SJB J{n) of V{B{n)) and 0 < fc < n/2, let ff{n, k) denote the set of all SJG’s 
in J{n) starting at rank k and ending at rank n — k and let J{n^ k) denote the union of 
all SJG’s in J' (n, k). 

Given T G tab(n,/i), where pi has atmost two rows, we denote by T +i {n + 1) 
the standard Young tableaux obtained from T by adding n J- 1 at the end of the first 
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row. Similarly, given T G tab(n,/r), where /i has atmost two rows with the second row 
containing fewer elements than the hrst row, we denote by T +2 (n + 1) the standard 
Young tableaux obtained from T by adding n + 1 at the end of the second row. The basic 
idea of the following algorithm is from uni, though we have added new elements here, 
namely. Theorems 17.41 and 17.51 


Theorem 7.2 There exists an inductive procedure to explicitly construct an SJB J{n) of 
V{B{n)) and, for 0 < k < n/2, a bijection 

Bn^k '■ tab{n, [n — k, k)) —?■ J' (n, k). (34) 


Proof The case n = 1 is clear. 

Let V = V{B{n + 1)). Dehne Y(0) to be the subspace of V generated by all subsets 
of [n + 1] not containing n + 1 and define V{1) to be the subspace of V generated by 
all subsets of [n + 1] containing n + 1. We have V = 1/(0) © 1/(1). The linear map 
7Z : V(0) —>■ 1/(1), given by X i-G> Y U {n + 1}, X C [n] is an isomorphism. We write 
7Z(v) = V. We write U for the up operator Un+i on V and we write Uq for the up operator 
on 1/(0) (= V{B{n))). We have, for v e 1/(0), 

U{v) = Uo{v) + v, U{v) = lMv). (35) 

By induction hypothesis there is an SJB J{n) of V{B{n)) = 1/(0) and bijections 
as in fIM)) above. We shall now produce an SJB J(?7, + 1) of 1/ by producing, for each SJC 
in J(n), either one or two SJC’s in V such that the collection of all these SJC’s is a basis. 

Let 0 < fc < n/2. Consider T G tab(n, (n — k,k)) and consider the SJC Bn,kiT) = 
{xk ,..., Xn-k) e J {n, k), where r{xk) = k. 

We now consider two cases. 

{&) k = n — k : From (l35|) we have U{xk) = xT and U{xk) = Uo{xk) = 0. Since 71 is 


an isomorphism Xk ^ 0. Dehne 

Bn+i,k{T+i {n + 1)) = (Xfc,^). (36) 

(b) k < n — k ■. Set Xk-i = Xn+i-k = 0 and dehne 

y (l/fc) • • • ) 2/n+l—fc); and Z (^Zk-\-l, ■ ■ ■ , Zn—k')i (2'^) 

by 

yi = xi + {I — k) xi-i, k<l<n + l — k. (38) 

zi = {n — k — I + l)xiTi — xi, k + l<l<n — k. (39) 

From fl3^ we have 

U{xi) = Uo{xi) = TLk, k < I < n - k (40) 
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It thus follows from (l35|) and (l40D that, for A; < / < n + 1 — /c, we have 

U(yi) = U{xi + {l- = xi+i +xl+{l- k)xi = xi+i + {I - k + l)xi = yi+i. 

Note that when I = k the second step above is justihed because of the presence of the 
{l — k) factor even though U{xk-i) = 0 7 ^ We also have U{yn+i-k) = U{{n + l)xn-k) = 
{n + l)Uo{xn-k) = 0. 

Similarly, for k + 1 < I < n — k, we have 

U{zi) = U{{n-k-l + l)xlZ^-xi) = {n-k-l + l)xi-xi+i-xi = {n-k-l)xi-xi+i = zi+i. 

and U(zn-k) = U{x^-k-i - Xn-k) = = 0. 

Since yk = Xk 7 ^ 0, yn+i-k = {n + l)xn-k 7 ^ 0, xi and xfZi are linearly independent, 
for k + l<l<n — k and the 2x2 matrix 



is nonsingular for /c + 1 < / < n — /c, it follows that fl37ll gives two independent SJC’s in 


1/. Dehne 


Bn+i,k(T+i {n + 1 )) — y, 

Bn+i.k+i{T +2 {n + 1 )) = z. 


and set J(n + 1) to be the union of all SJC’s obtained in steps (j36l) and (1371) above. 


Since V = ld(0) © Id(1) and 71 is an isomorphism it follows that J(n + 1) is an SJB of 
V. That the maps i?n+i,fc are bijections is also clear. □ 

Example 7.3 In this example we work out the SJB’s of V{B{n)), for n = 2,3, starting 
with the SJB of ld(i?(l)), using the formulas ([36l EZl IMl EH]) given in the proof of Theorem 


(i) The SJB of V{B{1)) is given by 




(ii) The SJB of V{B{2)) consists of 


0 ,{ 1 } + { 2 }, 2 { 1 , 2 }) 


(iii) The SJB of V{B{3)) consists of 


( 0 , {1} + {2} + {3} , 2({1, 2} + {1, 3} + {2, 3}), 6{1, 2, 3} ) 
( 2{3} - {1} - {2} , {1, 3} + {2, 3} - 2{1, 2} ) 

( {2}-{1}, {2,3}-{1,3}) 
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For 0<k<i<n — k<n define 

J{n,k,i) = {v E J{n, k) : r{v) = i}. 

Let W{n,k,i) be the subspace of V{B {n)i) spanned by J{n,k,i). Then we have the direct 
sum decomposition 


min{i,n-fi} 

r(B(n)i) = 0 W{n,k,i), 0 < i < n. (41) 

k=0 

We claim that each W (n, fc, i) is a Fn-submodule of V{B{n)i). We prove this by induction 
on z, the case z = 0 being clear. Assume inductively that W (n, 0, z —1), ... ,W{n, z —1, z—1) 
are submodules, where z < [rz/2j. Since Un is Fn-linear, UniW{n, j,i — 1)) = W{n,j,i), 
0 < j < i — I are submodules. Now consider hF(rz,z,z). Let u G hF(rz,z,z) and tt G 
Since Un is S'„-hnear we have 17”+^“^*(7rzz) = 7rl7”+^“^*(zz) = 0. It follows that ttu G 
hF(rz,z,z). So the claim is proven for 0 < z < rz/2 and it follows for z > rz/2 since Un is 
S'n-linear. 

Theorem 7.4 As Sn-modules we have 

W{n,k,i) = Q<k<i<n-k<n. (42) 

Proof By induction on n. The cases rz = 1, 2, 3 can be directly verihed from Example 17.31 
(the main point to check is that W{3, 1,1) is the standard representation of S 3 ). 

Now assume we have proven the result upto n > 3. By the algorithm of Theorem 17.21 
we have, for 0 < z < n + 1, 

W{n + l,k,i) = W{n,k,i) A)W{n,k — l,i — (4:3) 

where W = {v \ v E W{n, k — l,i — 1)} (in the notation used in the proof of Theorem 
17.2p and where W (rz, k, i) is taken to be the zero subspace if z < A; or z > rz — fc. 

Now, hF(rz+ 1, k, i) is a Fn+i-module and it is easily seen that W (rz, k, z) and W{n,k — 
l,z — 1) are S'^-submodules of hF(rz + l,A;,z). By induction hyphothesis we have, as 
S'n-modules, 

W{n,k,i) = (44) 

W{n,k-l,i-l) = (45) 

Suppose an F^+i-irreducible V^, where the Young diagram A has 3 or more rows, occurs 
in W{n + l,k,i)- Since n + 1 > 4, it follows that A has an inner corner whose removal still 
leaves 3 or more rows. By the branching rule this contradicts fl43|) . (1441) . and (I45|) . So, for 
any S'„+i-irreducible occuring in IF(rz + 1, k,i), there are atmost two rows in A. It is 
now easy to see using the branching rule and (1441) and (145|) that W (zz+1, k, i) = ^ 

□ 
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Theorem 17.11 now follows from (|4T]) and Theorem 17.41 We also have that 


( 46 ) 

Summing flTT]) over i and taking dimensions we get 



We denote the YJM elements of S'n by Yi,..., W. 

Theorem 7.5 For T G tab{n, {n — k, k)) and every vector v in the SJC Bn^k{T) we have 

Yj{v) = c{bT{j))v, j = 1, 2,..., n. (48) 

Proof We first show inductively that each element of J{n) is a simultaneous eigenvector 
of W,..., W, the case n = 1 being clear. 

Note that if n G V{B{n)k) is an eigenvector for Y*, for some 1 < f < u, then v G 
V{B{n + l)fc+i) is also an eigenvector for Yi with the same eigenvalue. Thus it follows 
from fl36l 13711381 |39]) that each element of J(?7, + 1) is an eigenvector for Yi,..., Y„. It 
remains to show that each element of J{n + 1) is an eigenvector for Yn+i- 

We now have from Theorem I7.4l that. for 0 < f W{n+l,0,i),... ,W{n + l,i,i) 

are mutually nonisomorphic irreducibles. Consider the S'„+i-hnear map / : V{B{n + 
l)i) —t V{B{n + l)i) given by f{v) = an, where 

a = sum of all transpositions in S'^+i = Yi + ■ ■ ■ + Y„+i. 

It follows by Schur’s lemma that there exist scalars a^, ...,«* such that f{u) = akU, for 
u G IY(u + 1, /c, i). Thus each element of J(n + 1, /c, f) is an eigenvector for Yi H— ■ + Y„+i 
(and also for Yi,..., Y„). It follows that each element of J(n + 1, fc, i) is an eigenvector 
for Y„+i. 

The paragraph above has shown that the first element of each symmetric Jordan chain 
in J{n + 1) is a simultaneous eigenvector for Yi,..., Y„+i. It now follows (since Un+i is 
S'n+i-linear) that each element of J(n + 1) is a simultaneous eigenvector for Yi,..., Y„+i. 

We are left to show that, for each v G Bn,k(T), the eigenvalues of Yi,..., Y„ on v are 
given by fl48D . We can show this by induction, the case n = 1 being trivial. 

Just like above the eigenvalues of Yi,..., Y„ on n G Bn+i,k(T) will continue to satisfy 
(H8|) . Now, since v is an eigenvector for Yn+i and v lies in an S'„+i-irreducible isomorphic 
to it follows that the eigenvalue of Y^+i on v also satishes (I48|) . That completes 

the proof. □ 
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See jl] for an elegant direct constrnotion of the GZ-basis given above and see |[5] for 
an application to complexity theory. 

Now we stndy the analog of the S'„-action considered above, dehned in BIZI- Let 
G be a hnite group acting on the hnite set X. Assume that the corresponding permutation 
representation on V{X) is multiplicity free. This implies, in particular, that the action is 
transitive. 

Let Lq be a symbol not in X and let Y denote the alphabet Y = {Lq]UX. We call the 
elements of X the nonzero letters in Y. Dehne Bx{n) = {(oi,..., a^) : Oi E Y for all i}, 
the set of all n-tuples of elements of Y (we use Lq instead of 0 for the zero letter for 
later convenience. We do not want to confuse the letter 0 with the vector 0). Given 
a = (oi,... ,an) € Bx{n), dehne the support of a by S{a) = {i E [n] : Oj ^ Lq]. For 
0 < i < n, Bx{n)i denotes the set of all elements a E Bx{n) with |S'(a)| = i. We have 

\Bx(n)\ = (|X| + 1)”, |Bx(n)i| = \X\\ 

(We take the binomial coefficient (”) to be 0 if n < 0 or A; < 0). 

There is a natural action of the wreath product Gn on Bx{n) and Bx{n)i\ permute 
the n coordinates followed by independently acting on the nonzero letters by elements 
of G. In detail, given {gi, g 2 ,..., Pn,'^) £ Gn and a = (ai,...,a„) E Bx{n), we have 
(^fi,..., Pn, 7r)(ai ,... ,an) = (6i,..., 6n), where k = if is a nonzero letter 

and bi = Lq, if OTr-pp = Lq. We have the following direct sum decomposition into Gn- 
submodules of the permutation representation of on V{Bx{n))\ 

V{Bx{n)) = V{Bx{n)Q)®V{Bx{n)i)®---®V{Bx{n)n). (49) 

We now introduce some notation. Let cri,...,(Tm, o’* E G^, be the distinct irreducible 
G-representations occuring in the multiplicity free G-module V{X). We assume that ai 
is the trivial representation. Now enumerate all the elements of G^ as di,..., di, so that 
dm+i,..., di do not appear in V (X). For i = 1,... ,m, set di = dim(I/°'‘), so that di = 1 
and d-i T * * * T dn% — lA"!. 

Denote by 3^2,71 (G^) the set of all p G A’n(G^) such that 

(i) /i(dj) is the empty partition, for i = m + 1,..., t. 

(ii) /i(di) has atmost one part, denoted Pi{p), for i = 2,..., m. We have Pi{p) = 0 if /i(dj) 
is the empty partition. We set s(/i) = P 2 (h) + • • • + Pm(h)- 

(hi) p(di) has atmost two parts, denoted a(/i),&(/i), with a(/i) > &(p). Just like in item 
(ii) above, one or both of a(/i), 6(/i) may be 0. 

We have the following combinatorial identity (recall that denotes the irreducible 
G„-module parametrized by /i G yn(G^)). 

Theorem 7.6 We have 

(|Jf| + l)" = (1 + aM - 6 (a<)) dHn. (50) 

MGy2,™(G^) 
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Proof The proof is in two steps. 

(a) Let C (n, m) denote the set of all m-tuples of nonnegative integers with sum n. We 
have, using the multinomial theorem and (|47|) above, 

(ixi + ir 

= (di + (i2 T ■ ■ ■ T T 1)” 

= (^2 + ■ ■ • + dm + 2)”' 

y ( ^df---dF^ 2P1 

( • • •’P"*/ 

(pi,...,Prn)eC;(n,m) 

bi/2j . X 

T W (pi-2fc + i) ” u? 

(„.M \Pu---,pJ 

(b) Let p G 3^2,n(G^)- We have 

= ®TetabG(n,At)^^' 

The dimension of the GZ-subspace Vt of is clearly • • ■ dFm‘^^\ With p bijectively 
associate the pair of elements 

(a(/i) + 6 (/i),p 2 (/i), • • • ,Pm(/i)) e C{n,m) and 6 (p) G N with 6 (/i) < [{a{n) + 6(/i))/2j. 
It is easy to see, using fH 6 |) above, that the cardinality of tabcin, fi) is 

/ n \ r /a(/i) + 6 (/i)\ _ /a(p) + &(/i)\ 1 

Va(/i) + 6(/i),p2(/i)...,Pm(/i)/ IV %) / V %)-l //’ 

The result now follows from steps (a) and (b) above. □ 

We shall now give a representation theoretic interpretation to Theorem 17.61 above. 
Consider the tensor product 



= V{Y) (g) • • • 0 V{Y) {n factors), 

with the natural G„-action (permute the factors and then independently act on the factors 
by elements of G). There is a Gn-linear isomorphism 

V{Bx(n)) = 0”.V(y) (51) 

given by a = (oi,..., a„) t-G- oi (g • • • (g a„, a G Bxiji). From now onwards, we shall 
not distinguish between V{Bx{n)) and (g”=iP(P). The image of V{Bx{n)i) is denoted 

Consider the canonical decomposition 

V{X) = W,®---®Wm, 
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of V{X) into distinct irreducible G-submodules, where Wi is isomorphic to 1/'^% for 1 < 
i < m. Thus d, = dim Wi, i = 1,... ,m. 

Dehne the vector z e V(X) by z 

For 0 < i < n set 

y2,n{G'^)i = £ y2,n{G^) \ b{fl) + s(/i) <%< a{fi) + s(/i)} . 


Theorem 7.7 For 0 < i < n, V{Bx{n)i) is a multiplicity free Gn-module with Gn-module 
isomorphism 

V{Bx{n)i) = 0 V>^. 

u&y2,AG^)i 


Proof Let /i G 3^2,n(G^) and a(/i) + s(/i) < i < 6(/i) + s(/i). Let R G tabG(n, /i) be as 
dehned in the proof of Lemma [621 We shall exhibit a GZ-subspace W of i<S)f=iV(Y))i 
of type Vr, i.e, W is closed under the G”-action and, as a G"-module, is isomorphic to 
y'-fl(i) ® ... (g) and, for r G W and j = 1, 2,.. ., n, we have 

= dim(y'.(J)) (52) 

This will show that appears in V{Bx{n)i). The dimension count given by Theorem 
17.6! then completes the proof. 

(a) Set q = a{p) + h{p). There is an injection 

r : V{B{q)) -y 

given as follows: for X C [g], we have r(X) = Ui® ■ ■ ■ ®Uq, where = Lq, ii k ^ X and 
Uk = z, ii k ^ X. 

Since &(/i) < i — s{yi) < a{pi) and 6(/i) < [(a(/i) + &(p))/2j, it follows from Theorem 
17.II that there is a vector u G V{B{q)i_s[^)) (determined uniquely upto scalars) such that 

Y^{u) = c{bR{j))u, j = l,...,q. (53) 

(b) Let a G G^ and consider the Gfe-module ® ■ ■ ■ ® {k factors). It follows from 
Theorem l5.3f L and (ii)(a) that, for all r G 1/°" G) • • • (8) 

X,{v) = {j - 1) j = l,...,k. (54) 

Consider the subspace W of {®^^iV{Y))i given by 

W = Span(r(M)) (g) Wa (8 • • • (8) Wa (g) IPs 0 • • • (8) Wa 0 • • • (g) IWn (8) • • • 0 W^, 
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where W 2 is repeated P 2 (u-) times, W 3 is repeated P3(p) times, and so on until W^, is 
repeated Pm{p) times. 

Since g ■ Lq = Lq and g ■ z = z, ioi all g E G, it follows that W is closed under the 
G^-action and, as a G"-module, is isomorphic to Moreover, it follows 

from fl53ll above that, for n G hh, 

|G| 

= dim(y^»M) j - 1...., 9- 

From fl5^ above and Theorem IS-Sf y) we see that, for v G W, 

\G\ 

That completes the proof. □ 
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